We match, at the one-fermion-loop accuracy, the electroweak theory onto the nonrenormalizable fourfermion Fermi model. The matching is performed without introducing higher dimensional interaction terms in the Fermi Lagrangian. As a result, an effective theory is constructed that reproduces the exact electroweak interactions between two massless fermion lines at arbitrary energy scales. This provides the first example of matching performed according to the approach described in [1] , in which nonrenormalizable quantum field theories are interpreted as predictive models without modifying their Lagrangian, whose correctness has to be established experimentally.
Introduction
Renormalizable Quantum Field Theories (QFT) are the commonly used language to describe high energy phenomena in particle physics. They are considered as fundamental theories, in the sense that predictions can be obtained, at any desired perturbative order and scale, by consistently reabsorbing the ultraviolet (UV) infinities appearing in the intermediate steps of the calculation in the set {p i }, i = 1÷m, of the free parameters of the Lagrangian L(p 1 , . . . , p m ).
(
On the other hand, nonrenormalizable QFTs belong to a larger class of theories, namely the effective QFTs (EFT), and are extensively employed in cases when the fundamental renormalizable model is unknown, or not easily computable. EFTs are usually dealt with by using the seminal Weinberg's approach [2] , in which extra higher dimensional operators, compatible with the symmetries of the theory, are added to L to reabsorb the UV infinities which remain after fixing the parameters of the model. By doing so, EFTs can be treated as ordinary renormalizable QFTs, at the price of introducing a larger set of operator's coefficients (possibly, an infinite one) to be fixed by experiment. Of course, not all of them are relevant at the energy scale under study. One neglects contributions that are suppressed in the power counting used to organize the EFT [3, 4] , so that physical predictions can be obtained, order by order, in terms of a finite set of measurements.
In [1] a different approach to nonrenormalizable QFTs is presented based on FDR [5] . In FDR UV infinities are eliminated by a redefinition of the loop integration, rather than via a costumary renormalization procedure. Hence UV finite quantities are directly computed, without reabsorbing UV infinities in L. The price of this is the appearance of an arbitrary renormalization scale µ R . In the case of renormalizable models, the dependence on µ R disappears in physical observables O TH, −loop (p 1 , . . . ,p m ),
when they are expressed in terms of the set of parameters {p i }, fixed by m experiments O EXP i determined at the same perturbative level one is working
On the contrary, (2) is not fulfilled, in general, by nonrenormalizable QFTs. However, µ R is an adjustable parameter, rather than an UV cutoff. So that, an additional measurement O EXP m+1 can be used to fix it by imposing
which produces the prediction
to be tested against the measured value O EXP . In this work we apply, for the first time, the FDR strategy to match a renormalizable theory onto a nonrenormalizable one. We consider, in particular, the Dyson resummed one-fermion-loop corrections computed in the full electroweak theory to be the observables O as the result of a calculation performed in the four-fermion Fermi model. We demonstrate that fixing µ R as in (4) produces predictions which fulfill
for any process O EXP involving fermion-loop mediated interactions between two massless fermions at arbitrary energy scales. This shows that nonrenormalizable QFTs exist that can be consistently made predictive without modifying their Lagrangian, at least under special classes of loop corrections.
The structure of the paper is as follows. In section 2 we recall the FDR definition of the UV divergent integrals and list the relevant one-loop functions. In section 3 and 4 we specify the renormalizable and nonrenormalizable theories to be matched and the main objects appearing in our calculation. The finite renormalization implied by equation (3) is described in section 5, and the matching of (4) in section 6. Finally, the last section includes a comparison with the customary approach to EFTs and our concluding remarks.
FDR integration and one-loop functions
Here we sketch out the basic ideas of FDR with the help of a simple one-dimensional example. The interested reader can find more details in the relevant literature [5] [6] [7] [8] [9] [10] . Let's assume one needs to define the UV divergent integral
where P stands for a physical energy scale. In FDR one separates the UV divergent pieces in terms of integrands independent of P , dubbed FDR vacua, and rewrites
Thus, the first term in the r.h.s. of (8) is the vacuum responsible for the linear UV divergence, while 1/x generates the ln Λ behavior. By definition, the linearly divergent contribution is subtracted from (7) over the full integration domain [0, Λ], while the logarithmic divergence over the interval [µ R , Λ], where µ R plays the role of an arbitrary separation scale needed to keep the argument of the subtracted logarithm a-dimensional. Hence
The advantage of this definition is twofold. Firstly, the UV cutoff Λ is traded for µ R , which is interpreted as the renormalization scale. Secondly, other than logarithmic UV divergences do not contribute. The explicit appearance of µ R in the interval of integration makes the use of (9) inconvenient in practical calculations. An equivalent definition is obtained by adding an auxiliary unphysical scale µ to x, x →x := x + µ, 1 and introducing an integral operator ∞ 0
[dx] which annihilates the FDR vacua before integration. Thus
where µ → 0 is an asymptotic limit. This strategy can be extended to more dimensions and to integrands which are rational functions of the integration variables, as is the case of multi-loop integrals. The two-point one-loop functions needed in our calculation are
The renormalizable and nonrenormalizable models
The interaction Lagrangian defining our renormalizable model is
with
and
The photon and the massive gauge boson fields are denoted by A α , Z α and W ± α , respectively. The spinor associated with a fermion f with color j is denoted by f j , with the convention that j = 1 ÷ 3 for quarks and j = 1 for leptons. The sum runs over all fermions and f is the isospin partner of f in the limit of diagonal CKM quark-mixing matrix. The vector and axial couplings are
where I 3f is the third isospin component, Q f the electric charge and s θ (c θ ) is the sine (cosine) of the weak mixing angle. The Feynman gauge is used, hence the gauge boson propagators read Fig. 1 The parts of the truncated one-fermion-loop diagrams proportional to the metric tensor.
Our effective nonrenormalizable interaction Lagrangian reads
where the charged and neutral currents are given by
In (18) the four-fermion coupling between currents is written in a form which reproduces the tree-level low-energy result obtained with L
SM
INT when using P 
The fundamental ingredients
The main objects entering the calculation are the truncated one-fermion-loop contributions depicted in figure 1 . Fermion masses are neglected, when possible, except in the case of the top quark, for which the leading m 2 t contribution is also included. The p α p β parts are omitted, because they do not contribute on-shell. An explicit FDR computation of the form factors gives 
where the light quark masses have to be considered as effective parameters adjusted to fit the dispersion integral defining the hadronic contribution to the vacuum polarization.
Renormalization
Both Lagrangians in (12) and (17) depend on the set of bare parameters {g 2 , M 2 , s 2 θ }, which need to be fixed by experiment. As input data we choose the fine structure constant α EM , measured in the Thomson limit of the Compton scattering, the muon decay constant G F , extracted from the muon lifetime, and the ratio R eν between the total e − ν µ and e −ν µ elastic cross sections at zero momentum transfer. In the following, we determine and solve the fitting equations linking {α EM , G F , R eν } to {g 2 , M 2 , s 2 θ } in both renormalizable and nonrenormalizable models.
In the renormalizable theory one constructs the fermion-loop dressed propagators
by Dyson resumming to all orders the self-energy contributions of figure 1. The result reads
,
Using the propagators in (23) to compute the Thomson scattering, the muon lifetime and R eν , gives the fitting equations
where
In the case of the nonrenormalizable model, it is easy to prove that Fig. 2 The diagram mediating loop induced interactions between charged currents in the nonrenormalizable theory. Fig. 3 The amplitude contributing to the muon decay in the nonrenormalizable theory. The interaction of figure 2 is evaluated at p 2 = 0 and resummed to all orders. As an example, in the case of charged currents, the relevant diagram is given in figure 2 . That modifies the amplitude mediating the muon decay as depicted in figure 3 . One computes
where Γ is the result of the contraction of the two charged currents Γ :
, in which the symbol ⊗ understands multiplication by the relevant external spinors. Using (27) to define the combination g 2 /M 2 leads to (26b).
Finally, to solve the fitting equations we first introduce the tree-level solution to (26c), namelyŝ θ such that
Radiative corrections do not change R eν when S 2 =ŝ 2 θ , that gives
6 The matching 
while resumming the interaction as in figure 3 , but with p 2 = 0, gives
Eqs. (31) and (32) differ by the term p 2 /g 2 , so that inserting the solution (29) produces a result independent of
Eqs. (33) and (34) are the right and left sides of the matching equation (4) needed to fix µ R in our case. They coincide if
is used in the loop integrals of the nonrenormalizable model. This reproduces the effect of interchanging a fermion-loop dressed W boson of arbitrary virtuality p 2 . As for processes mediated by neutral gauge bosons 
contributing to the interaction between two massless fermions f 1 and f 2 in the renormalizable theory. A computation of the sub-amplitudes in figure 4 gives
Since
does not depend on L R . Therefore, one is allowed to choose L R = L R in each of the four sub-amplitudes. But this implies F 1 = 0 in (30), which means p 2 /g 2 = 0 inside the function P Z (p 2 ) contained in the definition of the dressed propagators Fig. 4 The four sub-amplitudes in (37) mediated by the fermion-loop dressed propagators in (23). The external fermions are massless, so that diagrams involving the exchange of neutral scalars are absent.
in (37). Since this is the only difference between the results computed within the nonrenormalizable and renormalizable models, 3 one obtains
Thus
An interesting consequence is Corollary 6.1.1 In the renormalizable theory it is possible to rearrange the fermion-loop corrections in such a way that all fermions couple to Z and W bosons with the same V-A interaction. 
Discussion and concluding remarks
It is instructive to compare our FDR calculation with a more standard approach based on Dimensional Regularization (DReg). Our formulae are converted to DReg by replacing [11] ln µ
Upon this substitution, the effective amplitudes in (34) and (38) develop a dependence on the UV cutoff 1/ UV . To cancel it, one adds to the effective Lagrangian in (17) an interaction mediated by higher dimensional operators
Choosing µ R as in (35) only removes the finite parts of c w,z
hence adding L EFF CT to L EFF INT is necessary to compensate UV poles contained in the DReg variant of the oneloop functions of (11) . Such poles are absent when defining divergent integrals as in (9) . This explains why FDR circumvents the introduction of L EFF CT . It is also interesting to speculate about the FDR matching of (35) from the point of view of the sole EFT. In particular, would it be possible to guess the "right" value of µ R without knowing L 4 In summary, minimality could be used as a criterion to fix µ R in EFTs whose UV completion is unknown.
Finally, it should be explicitly noticed that the choice of the terms to be included in the effective Lagrangian is ultimately driven by experiment. For example, the model in (17) is too poor to accommodate weak corrections not mediated by fermion-loops, e.g. it lacks three-gauge-boson vertices. Eventually, the SU(2)×U(1) symmetry, together with the plethora of the electroweak measurements, unavoidably require the introduction of all the couplings present in the complete SM Lagrangian. Nevertheless, we hope that the simple example studied in this paper could serve to simplify EFT calculations and to handle nonrenormalizable models in cases when more fundamental renormalizable theories are not known.
